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In this text we report and correct some mistakes made in our paper [1]. Lemma 3 in [1] is wrong (and consequently
Remark 2 and Corollary 1 are also incorret) since we used a result introduced in [2] which is not applicable in the analysis
we did. Particularly, we claimed that f[; %dr <0 where y(t) = (n— 1)x"1(t) —x(r) and f[g ngjzt/)(‘f)dr < 0 where
z(t) = mx™(t) — x™(7), but these statements are not necessarily true. Considering these errors, the corrected version of
Lemma 3 in [1] is presented next.

Lemma 1. Let x(t) : R — R be an absolutely continuous and differentiable function. Then, Y& € (0, 1), the following relationships
hold:
n-1C

(i) If x(t) is a monotonically increasing or monotonically decreasing function then "= ¢ D¥x"(t) < x(t) tCODf‘x"‘1 (t), where n e

il
2k ke N—{0,1}}. ’
(i) 1 E)D‘g‘xzm(t) < xM(t) tCOD‘t"xm(t), where m e {N — {0}}.

Proof.
(i) Let A(t) =1 EOD?‘X” (t) — z(%% tCOD‘t"an (t). Using the definition of the Caputo derivative we can write
1 Cx(r) —x(O 2 (T)X/ (1)
A(t) = dr. 1
O=Fa-o J; (AT t (1)
Introducing the change of variables: y(t) = x(t) — x(t), % = d’(‘j(:), we can rewrite (1) as
1 Ly(@x" 2 (r)y (v)
A(t) = NG Ty dr. (2)
Integrating (2) by parts we obtain
t
A(t) = x”’z(r)F(I)K —(n- 2)/ x"3(1)F(1)dr, (3)
0 to
where
1 Ty(@y(r) 1 °[x(7) —x(OK (7)
F = = .
O=ti-ol), o TTTa-wh  cone T

DOI of original article: 10.1016/j.cnsns.2016.06.031
* Corresponding author.
E-mail addresses: guillermo.fernandez@ibero.mx (G. Ferndndez-Anaya), gnava95@hotmail.com (G. Nava-Antonio), jackjamousg@gmail.com (J. Jamous-
Galante), rodrigo.munoz@uacm.edu.mx (R. Mufioz-Vega), eduardo.gamaliel@ibero.mx (E.G. Herndndez-Martinez).

https://doi.org/10.1016/j.cnsns.2017.07.025
1007-5704/© 2017 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.cnsns.2017.07.025
http://www.ScienceDirect.com
http://www.elsevier.com/locate/cnsns
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cnsns.2017.07.025&domain=pdf
https://doi.org/10.1016/j.cnsns.2016.06.031
mailto:guillermo.fernandez@ibero.mx
mailto:gnava95@hotmail.com
mailto:jackjamousg@gmail.com
mailto:rodrigo.munoz@uacm.edu.mx
mailto:eduardo.gamaliel@ibero.mx
https://doi.org/10.1016/j.cnsns.2017.07.025

G. Ferndndez-Anaya et al./ Commun Nonlinear Sci Numer Simulat 56 (2018) 596-597 597

Note that ty <t <t. It is clear that if x(t) is monotonically increasing or monotonically decreasing then x(t) — x(t) and
X'(t) will have different signs; hence F(t)<0. From this point, the proof is exactly the same as the original proof of
Lemma 3 i) in [1], starting from equation (10) of that article.

(ii) This proof is very similar to the one done for Lemma 3 ii) in [1], with the difference that now the appropriate change of
variables is y(t) = x™(t) — x™(t). Thus, the integral /tf] Y Eijf/)(of )dz is in fact nonpositive, which can be shown using the
arguments of Lemma 1 in [2].

O

Remark 1. If tCODf‘xzm(t) > 0 it is obvious form Lemma 1 ii) that 5. [COD‘g‘x2m (t) <x™(t) EOD;’X"' (t), which recovers Lemma
3 ii) of [1].

With the changes indicated in the above lines, the corrected versions of Remark 2 and Corollary 1 in [1] are presented
next.

Remark 2. If x(t)>0 and monotonically increasing or decreasing, then Lemma 1 i) is valid for odd n. Possibly using other
hypotheses, we believe that this result can be generalized for different functions (not necessarily monotonically increasing
or decreasing) and forne R, n>1.

Corollary 1. Let x(t) : R — R be an absolutely continuous and differentiable function. Then, Vo € (0, 1), the following relation-
ships hold:

(i) If x(t) is a monotonically increasing or monotonically decreasing function and x(t)>0 then 1 EOD?‘X” (t) <x™1(t) fon‘x(t),

n
where n € {N — {0}}.
(i) § DEx2" (£) < 2mx@"=1(t) £ DEx(t), where m e {N - {0}}.

Proof. The proofs of both statements consist in iterating n — 2 times the inequalities of Lemma 1, as it was done in the
proof of Corollary 1 in [1]. O

Despite the corrections mentioned for various results presented in [1], Proposition 1 of that article remains valid, adding
to part i) the hypothesis that x(t) is monotonically increasing or decreasing. Also, all the Examples presented in [1] are still
useful to show the applicability of the corrected results, especially of Corollary 1 i), now using different Lyapunov functions;
for Examples 1, 2 we could use V(t) = x3(t) + $x16(t) and for Example 3 the function V (¢) = x{5(t) + x36(¢) would work.
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